Tap chi Khoa hoc 2011:17b 190-200 Truong Dai hoc Can Tho

PONG LUC CUA MO HINH TRUYEN BENH SOT RET
Nguyén Hitu Khénh '

ABSTRACT

In this article, we study a mathematical model of malaria desease, where humans and
mosquitoes interact and infect each other. The model is presented by a system of
differential equations belonging to parameters. We define the factor deciding the spread
of malaria. This factor is called basic reproduction number and denoted by R,. If Ry <1

then the desease goes extinct, whereas if R,>1 then the desease remains. This
phenomenon is explained by transcritical bifurcation.
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TOM TAT

Trong bai bao nay, ching 16i nghién ciru mot mo hinh toan hoc cua bénh sot rét, trong dé
nguwoi va mudi twong tdc va gdy bénh lin nhau. M6 hinh duoc biéu dzen boi mogt h¢ cac
phwong trinh vi phan phu thugc cdc tham s6. Chiing 161 xdc dinh nhan té quyet dinh cho
s truyén nhiém ciia bénh sot rét la sé sinh san co soRy. Khi Ry <1 thi su truyén bénh tat
dan, trong khi Ry >1thi su truyén bénh dwoc duy tri. Hién twong nay dwoc gidi thich boi
phdn nhanh transcritical.

Tir khoa: diém cdn bang, so sinh sdn co s¢

1 PHAN GIOI THIEU

Bénh sot rét 1a mot trong nhimg bénh gy nén cai chét nhiéu nhat trong cac quc
gia & vung nhiét doi. Theo thong ké, 40% dan s trén thé gisi séng trong ving c6
bénh s6t rét. Hang nam, bénh nay giét chét tir 700.000 dén 2,7 tridu ngudi trén thé
gidi. Bénh sot rét 1a bénh truyén nhiém gy nén boi ky sinh tring loai protozoa
tén Plasmodium. Nguoi bi nhiém bénh khi bi mudi Anophele nhiém bénh cin va
mudi cling nhiém bénh khi cin phai ngudi bi bénh sot rét.

MB& hinh toan hoc cua bénh sdt rét duoc bat dau nghién ctru ndm 1911 véi mo hinh
ctia Ross R. (1911). Sau d6 duoc cai tién boi Macdonald G. (1957). Gan day, c6
rat nhiéu mo hinh nghién ctru bénh sbt rét. Tuy theo muc dich nghién ctru ma cac
md hinh ¢6 sy khac nhau vé dong luc.

Trong bai bdo ndy, chung toi khao sat bénh sbt rét theo md hinh SIRS
(susceptibility, infection, recovery, susceptibility) cho ngudi va SIS (susceptibility,
infection, susceptibility) cho muoi. Sy lan truyén ctia bénh dugc nghién ctru thong
qua so nguoi va s6 mudi bi nhiém bénh. Qua phan tich chung toi tim diéu kién cho
tinh 6n dinh cua cac trang thai cin bang va xac dinh sb sinh san g, 1a nhan t6
quyet dinh su truyén bénh. M6 phong sé cho mé hinh duoc thyc hién bang cac
phan mém Mathematica va AUTO.

' B6 mén Toan, Khoa Khoa hoc Ty nhién, Truong Pai hoc Can Tho

190



Tap chi Khoa hoc 2011:17b 190-200 Truong Dai hoc Cain Tho

2 MO HINH TOAN HQC

Trong md hinh cua Ross, mét ca thé nguoi dugc xép vao trang thai c6 kha nang
nhiém bénh hodc bi n}liém bénh. Doi véi m6~hinh cua chﬁqg to1, SO luqn~g nguoi
N, dugc chia thanh so0 nguoi c6 kha nang nhiém bénh S, , sO ngudi bi nhiém bénh
I, va s6 ngudi binh phuc R,; s6 luong ciia mudi N, dugc chia thanh sé lugng
mudi c6 kha ning nhiém bénh S, va sb lugng mudi bi nhiém bénh I, . Biéu do
dong ctia mo hinh dugc cho dudi day.

wpl
h hT BLR, R XN
SR e
l | | (ahmbm]h) Ky v
ApNy oyl . "
— S, I, |——| R, I, |e——]| Su
T (o,b,8)
o
MhSh W HmSm
h v

Hinh 1: Biéu d6 dong ciia mé hinh bénh sét rét
Ta thidy 4,N, luong ngudi sinh ra va 8,R, luong nguoi binh phuc nhung khong
mién dich tham gia vao s6 lugng nguoi c6 kha nang nhiém bénh S,. Co
(b, S)1,, ! N, luong ngudi bi mudi nhiém bénh cén chuyén vao lugng nguoi bi
nhiém bénh 7,. Ngoai ra, con c¢6 x,S, ngudi chét vi Iy do khac roi khoi luong
ngudi co kha ning nhiém bénh S, . Béng cach ly luan nhu trén thi mo6 hinh bénh
sot rét cho boi hé phuong trinh vi phén sau:

ds, (Do) S
— = }\’ N, + R, — S _xTmhTm-m/’~h
i W N + BBy — 1Sy, N,
dl, (0D L) S
L o CwOnmoh gy
i N, (W —ou),
dR
7;1 = oLy — (W +Br)R, (1)
ds (@b 1,)S,
Tt’" = }\’mNm_HmSm_$
dr (b, 1,)S,
— = R h) 7_Mm]m

N, = §,+I,+R,

N, = S,+1,

trong d6 cac tham s cho boi bang sau:
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Bing 1: Céc tham sb trong md hinh

h¢ s0 lay nhiém cua nguoi

ahm 7 ~ ~
Oy hé so lay nhiém ctia muoi
b, ty 18 mudi cin nguoi
A, ty 1¢ sinh cua nguoi
oy, ty 1¢ nguoi binh phuc
B, ty 1¢ that bai cia mién dich
Ao ty 1& sinh ctia mudi
Wy ty 1& chét cia mudi
w, (1) ty 16 chét cua ngudi

Ta xét véi tat ca cac tham s6 déu duong. Ngoai ra, ty 1& sinh ctia mudi 16n hon ty
1€ chét, &, >u,,, dé ddm bao rang s6 lwgng muoi ton tai.

Pé thuan loi cho viéc phan tich m6 hinh ta thuc hién phép ddi bién sau:

S, . 1, R, S, . I,
Sh:F’ lh:F’ thﬁ, Sm:Ni’ m:Ni
h h h m m
Khi d6 ta co
Sy +i,+r, =1 va s, +i,=1. 2)

Mé hinh bénh sét rét duge dua vé dang don gian hon:

ds .
7: = B+ =s,) =By, —yNs,(1-s,,)
di, .
— = yNs,(1-s5,)— (0, +1,)i,
dt
dr, .
—h iy =By + A0 3)
dt
di
D = aiys, — Ay
dt
ds
— = A (-5, )—oi,s
dt m ( m ) h°m
trongdd6 N=N,/N,, a=b, o, Va y=b,a,,. 4)
Bang 2: Cac bién méi
Sy ty 16 voi s6 ngudi co kha ning nhiém bénh
i ty 1& voi s6 ngudi bi nhiém bénh
7 ty 18 voi s6 ngudi binh phuc

ty 18 voi s6 mudi c6 kha niang nhiém bénh
ty 1& v6i s6 mudi bi nhiém bénh

3 PHAN TiCH TONG QUAT MO HINH
Bang cach co gidn thoi gian ¢, ta 6 thé xét hé véi didu kién
s, (O +i,(O)+r,() = 1
i,®)+s,(t) =1
5,(t)20, i,(t)=0, 1@ =0, i,()=0, 5,20 Vt>0.

Vt>0.
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Ngoai ra, néu i,(0)> 0 thi cic bat dang thirc trén 1a chit.

Piém céin bang:
Cac diém can bé'lng cua mo hin}l nhan d}IQC bé“mg cach giai hé voi cac vé phai cta
h¢ (3) bang 0. Ta tim dugc 2 diém can bang voi toa d6 dang (s, i, 7,,i,,55,,) -
- Piém can bang bénh ty do (disease free equilibrium) Ey(1,0,0,0,1).
- Piém cin bang bénh dia phuong (endemic disease equilibrium)
E, (s),iy,1, i, ,5,) trong d6
o= (o + A0k, + By + 24 ) (0 +1y))
af[(By + AN +2) + A, (B + 2y, +YN)]
_ By + ) (ayN = (o, +2,),,)
al(By + AN +2) + A, (B + 2y, +YN)]
= ay[ayN —(a, +A,)A,, ]
al(By, + A (YN +21,) + 21, (B, + 1) +7YN)]
. By, +;‘h)(0“/N—(0‘h +7\'h)7\’m)
" YNI(au(By, +R) + (o, + By F AN, ]
§ = [(By + 2N + 1))+, (B, + 2, +YN)IA,,
YN[(a(By +A,) + (o, +B), + AN, ]

~.
=%

®)

S6 sinh san co sé
Dong lyc cia mo6 hinh bénh sbt rét quyét dinh boi mét gia tri ngudng R, goi la 56
sinh san. Trong thyc té, R, la s6 trung binh cta tai nhidm bénh duoc tao nén khi
mot ca thé bi nhidm bénh tro lai vat thé chu ban dau. Trong bai bao nay, ta
dinh nghia

R =N

(o + 1)),

Trong phan sau ta s& ching minh khi Ry <1 thi sy truyén bénh s& tit dan, trong
khi R, >1 thi sy truyén bénh van ton tai.

Ta xét hai truong hgp minh hoa cho déc trung cua g, :
* Truong hop R, <1: Chon 4, =0.6, B, =04, y=09, a=03, o, =04, N=02,
L, =0.28 thi Ry =0.771429 <1.

Véi didu kién ban dau (s, (0),i,(0),7,(0),i,(0),s,(0)) =(0.9,0.1,0,0,1), cac thanh
phan nhiém bénh i,, i, dan vé gia tri 0 khi 7 —co. Diéu nay cho thy sy truyén
bénh tit dan.
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Hinh 2: S6 lwgng ngudi bi nhidém I, va mudi bi nhim I, khi Ry <1
* Truong hgp R,>1: Chon A,=0.6, B,=04, y=49, N=02, a=035,
o,=04x,=028 thi R, =1.225> 1.
Véi didu kién ban dau (s, (0),i,(0),7,(0),i,(0),s, (0))=(0.9,0.1,0,0.3,1), cac thanh
phan nhiém bénh i, , i, dan vé cac gia tri dwong khong doi khi 7 — oo . Két qua nay
khéng dinh su truyén bénh van con.

ih, im
035 -
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Hinh 3: S6 lwong ngwoi bi nhiém I, va mudi bi nhiém I, khi Ry > 1

4 TINH ON PINH CUA CAC PIEM CAN BANG
4.1 Piém can bing bénh ty do (Disease-free eqilibrium)
Diém can bé“mg bénh tu do E, =(1,0,0,0,1) luén ton tai.

Xét ma trén Jacobi tai E,:

=By + 1) By 0 0 YN
0 —(aty + 1) 0 0 —N
Jg, = 0 a, ~B,+r) 00
0 a 0 A, 0
0 —a 0 0 -,
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Céc gié tri riéng nhan duogc bang cach giai phwong trinh dic trung

det(J, —Als) = 0. Phuong trinh nay c6 dang:

By +2, +k)2(km +M)[(o, +A, +A)R, +A)—0yN]=0
Gidi phuong trinh trén ta dugc céc gia tri riéng
==y +2;)
kz = _(Bh +}”h)
Ay =N,
Ay = —%[\/(ah +A, +?um)2 +4[oyN —(a, + A, )h, 1+ (o, + A, +7»m)}

7\‘5 = %[\/(ah +7\’h + 7\’117 )2 +4[(X,’YN—(ah +}\’h)}\’m] _(ah +7\'h + 7\'"7):| .

ayN

P dbng vai trd quyét
(o + Ay, B VHEOAW

Trong phan dudi ddy ta thiy sb sinh san co s¢ Ry =
dinh cho tinh 6n dinh cta E, va E|.

Pinh i 1: Piém cdn bcing bénh-tw do E,, luon ton tai va on dinh dia phuong khi

R, <1.

Chirng minh ) .

H¢ phuong trinh v6i cac vé phai cia hé (3) bang 0 lu6n c6 nghiém (1,0,0,0,1) nén
hé luén c6 diém can bang E, =(1,0,0,0,1).

Xét tuyén tinh hoéa cua hé (3) tai diém E,. Phuong trinh déc trung cho ta cac gia tri
riéng A, Ay, A, Ay, As. Vi cac tham sd B, >0, &, >0, A, >0 nén cac gia trj riéng
Ay Ay, Ay, Ay AML

. +h, +A ) +4[ayN —(a, +1,)h
Khl R0= <1 thi \/((Xh h m) [(X’Y (ah h) m] <
(o, + XA, oy, +A, +A,

ayN 1

hay (0, + 2, +2,)° +40yN —(a, + Ay, ] < (o + 2y +14,)
Do d6 gia tri riéng

As :%[\/(och+kh+km)2+4[ayN—(ah+kh)km]—(ah+kh+km)} <0.

Viay diém can bﬁng bénh ty do E, on dinh dia phuong khi R,<1.
Chu y 1: Khi R, >1 thi gia tri riéng A; cua ma tran Jacobi duong nén E, khong
on dinh. 7 ,
DPinh li sau cho ta tinh 6n dinh manh hon doi véi E|,.
Pinh li 2: Khi R, <1 thi diém cin bang bénh-tu do E, (1,0,0,0,1) on dinh tiém cdn.
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Chirng minh
Do hé thirc (2) nén ta chi can xét hé (3) theo s,, i, va i,. Khi d6 h¢ c6 dang
rut gon:

ds . .

7;' = (4 +B)(A=s,) = By — 7 Nsi,

di, . .

- = 7/Nshlm - (ah + ﬂ'h )lh (6)
dt

di

2 = ai(l-i)-Ai

dt h( m) m°m

(o, +4,) yN
a A

m

Xét ma tran Jacobi 4 :[ j (Gng voi i, va i,).

Nhu trong truong hop tong quét, hé (6) c6 diém can bang bénh-ty do £,(1,0,0).
Khi R, <1 céc gid tri riéng cia ma tran Jacobi tai EO co phﬁn thuc am nén EO on
dinh dia phuong.

Vis,<lval-i,<Il néntacod

di
T;h = yNsyi, —(a, + 4)i, < yNi, —(a, +4,)i,
t
di
" = aqi,(1-i)-A i < ai,—Ai .
dt h( m) m°m h m°m

Cho Y = {yl j 1a nghiém ctia phuong trinh tuyén tinh
2

Vo —(a, +4,)+0 yN ¥
a —A,+0
vOi 1,(0)=4,(0)+5, y,(0)=i (0)+5, §>0.
Khi R, <1thi cAc gi4 tri riéng ctia 4 c6 phan thuc am. Két qua nay ciing ding cho
ma tran 4 + 8 voi & di nhd. Do d6 y,(¥) >0 va y,(¢) >0 khi t > .

Ta dé dang chimg minh duoc i, () < y,(£) va i () < y,(t) Vt>0. Cho t—>w
thi

i, >0 vai, ()—>0. @)
Mt khic, i (6) ta 6 202 (4,44, )1-5,) =500,

trong d6 &(¢) = B,i, + ¥ Ns,i,, >0 khi t > 0. Tir do
1=5,() = (1=5, () P 4. P [ L5(5)e /s (8)
Tu (7) va(8) tasuyra s,(t) >1 khi t > 0.
Nhén xét 1: Khi R, <1 va x(¢) =(s,,i;,%,»i,,5,) 1a nghiém cta hé (3) thi x(¢¥) >
E, khi t — +400.Khid6 i,(1) >0 va i, (1) > 0. Do d6 su truyén bénh tat dan.
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Nhin xét 2: Theo trén, sy truyén bénh tat dan khi R, <1 hay
ayN <(a, + A4,)A, = L. Trong thuc té L 1a dai lwong bi chan nén ta c6 thé xem no6
khong doi. Tir bat dang thirc trén va (4) ta dugc

b, &N, < LN,. ©)
Ta kiém so,ét dugc vé phéj. Do do dé sy truyén bénh tit dan ta tim cach khéng ché
cac tham so ¢ vé trai dé bat dang thue (9) duoc xay ra.
4.2 Piém cin bing bénh dia phuong (Endemic disease eqilibrium)

*

Jk

l}’ﬂ >

Diém can bang bénh dia phuong E, (s;,iy, 7, .i,.,s, ), trong d6 s,, i,, r,, i.., s, cho
b (5).

Xét ma tran Jacobi tai E;:

—~(Bj + 1) —YN(1-5s,) B, 0 0 yNs,
yN(-s, —(au, + 1) 0 0 —yNs,,
Jg = 0 a, ~B,+%,) O 0
0 ocs;; 0 —A Otl;
0 —as,, 0 0 -, —ai,

Céc gié tri riéng nhan duogc bang cach giai phwong trinh dic trung
det(J —Als) = 0. Phuong trinh nay c6 dang:
A +By + A +R,)A + @\ +ak+a,) =0
Gidi phuong trinh trén ta dugc cac gia tri riéng
A==y +2ry)
Ay =—A

m
Ass Ays A5 1d nghiém cta phuong trinh A° +a,A> + gk +4a, =0,
trong d6
bod-a,) _ blad-ak,)
di, +h(d+20,)  abt(atb—h,)h,

ay=a+b+, +

b(a+b)ad—-al,)
dA, +b(d +24,)
_aly,[bla+4,) +ayd,lla,(b+d)+b(d + 4;)] . bla+ p, + A, ad—al,)
[dA, +b(d +2)]lab+(a+b—-2,)A,] ab+(a+b—- )4,
[a,(b+d)+b(d+ 4,)]14,
abd +d(a+b—-A4,)4, J
dA, +b(d+22;,)

a ab+(a+b)A, +

bdlad —aﬂm][l—
+

abz(ad —at,) abA,,[b(a+A,)+a,A, 1la,(b+d)+b(d+ 4,)]
(b+d)A, +b(d+ 1) [(b+d)A, +b(d + 4)lab+(a+b—-2A,)A4,]
_[ﬂh(b+d)+b(d+ﬁh)]im

dlab+(a+b—4;)4,1

a, = abl,+

+ d/’tm(a+/i’h)(1

_ au(b+d)+b(d + 1)),
bd(a+ f,)ad aﬂm)(l dlab+(a+b-2;)2,] }
(b+d) Ay, +b(d + 1)

+
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trong d6 a=a, +X,, b=p,+A,,d= yN.

Céc gia tri riéng A5, A4, As cO phan thuc &m néu cac h¢ so «,, ¢, a, thda man tiéu
chuan Routh-Hurwitz [2,5]:

ay>0, a,>0, aa,—ay>0 (10)
Pinh li 3: Diém cdin bang bénh dia phwong E, ton tai va on dinh dia phiong khi
Ry>1.
Chirng minh

Khi R,>1 thi ayN-(a+4,)4,>0. T hé (5), ta thidy biéu thuc cia
sy, 00, 1y 0, s, tOn tai va duong. Do d6, diém can bang E, ton tai.

Xét tuyén tinh hoa ciia hé (3) tai E,. Phuong trinh dic trung cho ta cac gié tri riéng
Mo Ags Ay Agy As VOL Ay =—B), +A,)s Ay=—A, VA Ay, Ay, As 1a nghi€m cua
phuong trinh A’ +a,\* +a A +a, =0.

Vi cac tham sé B, >0, &, >0, &, >0 nén cc gi trj riéng A,, A, am.

Ta kiém tra cac hé sd q,, a,, a, thoa man diéu kién (10) cia tiéu chuan Routh-
Hurwitz khi R, >1. D& dang ta thiy khi R, >1 thi @, >0 va @, >0. Dung phan
mém Mathematica ta thiy diéu kién a,a, —a, >0 ciing dugc théa. Do d6 tiéu chuan
Routh-Hurwitz, cac gia tri riéng A, A,, A5 c6 phan thyc m.

Vay diém can bang bénh E, 6n dinh dia phuong khi R, >1.

Nhén xét 3: Khi R, >1 va x(¢) =(s,,i,.%,,i,,S,,) 1a nghiém cua hé (3) trong lan
can E, (sy.iy.7p,i0,50) thi x(f) = E, khi t—+oo. Khi d6 i,(1) =i, >0 va
i (t)—i >0.Do d6 su truyén bénh van duy tri.

Chu y 2: Ta ching minh dugc khi R, >1 thi h¢ c6 nghiém tuan hoan véi cac thanh
phan i, va i, duong. Diéu nay chimg té su lan truyén bénh ton tai c6 chu ky.

04

035 h Rp>1

03

02

1m
A
20

u w a0 a0 En Eil

Time

Hinh 4: Nghiém tuin hoan ciia hé khi Ry > 1

5 PHAN TiCH PHAN NHANH

Trong phﬁn ndy ta nghién ciru vé sy thay doi ctia nghiém ctia mo hinh khi tham sf:)
thay doi. Sy thay doi vé chat cua dong luc cia md hinh goi la su phdn nhanh. Bé
giai thich duoc hién twong phén nhanh bang ly thuyét cua hé dong luc ta dua vao
hé (3) diém can bang a0 £, khi R, <1.
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Diém can bang bénh ty do £, ludn ton tai. Diém nay 6n dinh khi R, <1 twong tng
Vo1 su tmyén bénh tit dan. Diém can béng bénh dia phuong E, 6n dinh khi Ry >1
tuong Ung v6i sy truyén bénh ton tai. Phan nhanh transcritical xay ra tai R, =1.
Tai gi4 tri nay cia R,, diém cin bang bénh-ty do E, mat tinh 6n dinh (do gia tri
riéng A, cua tuyén tinh hoa chuyén du tir Am sang duong), chuyén tir 6n dinh
sang khong 6n dinh. Ciing tir gi tri nay, khi R, >1 diém can bang bénh E, chuyén
tir khong 6n dinh sang 6n dinh. Hai diém cén bang E, va E, thay ddi tinh 6n dinh
va trao dbi tinh on dinh cho nhau. Phin nhanh nay giai thich duoc ¥ nghia cua 50
sinh sédn co sO R,), s6 quyét dinh sy truyén bénh tit dan hay van ton tai.

Ngoai ra, phan nhanh saddle-node xay ra tai gia tri R, = R0 <1 cua diém can béng
bénh E,. Vi cac gia tri R, <1 ton tai hai diém can b::ing sinh to E,, mot diém
khong 6n dinh va diém con lai 6n dinh tiém can.

32

by
33
a3
1.0t3934 /| 36
20—l =" 414>
0.000 0.005 0.010 0.015

PAR(E)
Hinh 5: Biéu d6 phan nhanh ciia mé hinh bénh sét rét dwge xic dinh bing AUTO
Bié}l do phén nhanh ¢ trén dugc tim bang phin mém AUTO, mét phan mém co
nhiéu vu diém dang duge su dung trong nganh hé dong luc. AUTO giup ta phat

hién cac di€ém phan nhanh va lién tuc cac duong cong phan nhanh.

Trong biéu do, truc hoanh thé hién céac gia tri cua »,, (ty 1& sinh ciia mudi), ki hiéu
boi PAR(6), con truc tung thé hién gia tri trung binh theo chudn trong khong gian
2 clia cac bién s,, iy, 7, i, s,,- Dudng qua cic nghiém 1, 2, 3 1a dudong cua diém
can bang bénh tu do E,. Buorng qua cac nghi€ém 9 - 14 va 9 - 21 la duong cta
diém can bang bénh E,. Gia tri phan nhanh A,, =0.0048 , ung voi R, =1 va ung voi
nghiém s0 2 trong biéu q& Tai gia tri ndy phan nhanh transcitical xay ra. Hai diém
can bang trao doi tinh 6n dinh cho nhau. Ngoai ra phén nhanh saddle node cua
diém cén bang bénh E, xdy ra tai nghiém 19. Cac nhanh nghiém 19 - 32 va 19 - 38

sinh ra tir nghiém 19.

6 KET LUAN

Trong bai bao chung t6i nghién ctru dong luc cia md hinh bénh st rét. Bing
phuong phép giai tich chi ra sy ton tai cia diém can bang bénh ty do E,, dieém can
bang bénh E, va s6 sinh san co s& R,. Ly thuyét hé dong luc cho thiy phan nhanh
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transcritical xay ra khi R, =1. Phat hién nay giai thich dugc hién twong khi R, <1

thi

su tmyén bénh tit dan, con khi R, >1 thi sy truyén bénh con tiép dién va su

truyén bénh c6 chu ky. Bing cach khéng ché cac tham sO 6 vé trai cua (9) du nho
de (9) xay ra, ta c6 thé 1am cho su truyen bénh tit dan. M6 phong sb bang céc phan
mém Mathematica va AUTO da khang dinh tinh dung dan cua cac két qua dua ra.
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